CAPACITY OF SETS AND FOURIER SERIES

BY
R. SALEM AND A. ZYGMUND

Introduction. In 1939 A. Beurling [1](!) proved that if the series
> n(an2+b,2) converges then the points of divergence of the Fourier series
@0/2+2 a, cos nx+b, sin nx form a set of logarithmic capacity zero. In the
same paper, he stated the following result, the proof of which was due to
appear, but to our knowledge has not appeared, in the Arkiv for Matematik:
if 0<a=1 and if the series Y_n*¢(a,2+b,%) converges for every ¢>0, the
above Fourier series is summable by Abel’s method except in a set whose
B-capacity is zero for every §>1—a.

The present paper has its origin in the desire of the authors to find a more
direct and simpler proof of Beurling's results and to extend them. In the
course of the work, however, some other theorems of independent interest
have been established, and are presented here.

The paper is divided into four parts. In the first we give in terms of
Fourier series a necessary and sufficient condition for a linear set E to be of
positive a-capacity.

The second is devoted to the proof of the following theorem which in-
cludes the results of Beurling already quoted: If 0 <a=1 and if the series
> n2(a,2+b,2) converges, the set of points of divergence of the Fourier series
ao/2 +E{°a,. cos nx+b, sin nx is of (1 —a)-capacity zero if a1 and of loga-
rithmic capacity zero if a=1.

In the third part we prove some theorems on equi-summability dnd equi-
convergence of certain series and certain integrals of the Dini type.

In the fourth part we apply the preceding results to some theorems con-
cerning the existence of certain integrals of the Dini type,

f" fx+89 = flx=19) i f'f(x-l- )+ flx — 8 — 2f(x) i

ita {lta

0<a<l;e—>+0,

and we apply them to some minor, and partly known, results on the capacity
of linear sets.

It will be convenient, in order to avoid unnecessary repetitions, to recall
here certain definitions and notations which will be used throughout the
paper. ‘

We shall consider in the plane either logarithmic potentials of the for
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Jdu/p, or generalized potentials of the form fdu/p* (0 <a<1). The distribu-
tion shall always be supposed to be spread on the circuniference of the unit
circle |z| =1, z=re'?, and to be a non-negative additive function of sets, so
that the point function u(x) is a nondecreasing function for 0 Sx <2w. The
total distribution u(27)—u(0) will be supposed equal to 1, unless otherwise
stated. The sets considered will always be Borel sets.

We shall say that a distribution u is “concentrated” on a set E if
Sedu= f:'dp, in other words if the integral over the complementary set of
E is zero.

Asis well known (see Frostman [2, p. 48], de la Vallée Poussin [3, p. 20]),
the set E is said to be of positive logarithmic capacity if there exists a positive
distribution u concentrated on E such that the potential

2r
V= f log prrm— | du(d)

is bounded uniformly in x as »—1. In the same way, a set E is said to be of
positive a-capacity (0 <a<1) if there exists a positive distribution u concen-
trated on E and such that the generalized potential

27 du(t
_ f (%)
0 I ett p— fei.zla

is bounded uniformly in x as r—1.

It is well known that there is a connection between positive a-capacity
and positive Hausdorff measure of order . If a set is of positive a-capacity,
its Hausdorff measure of order a is positive; on the other hand, if a closed set
has a positive Hausdorff measure of order « its («—¢€) capacity is positive
for €>0. (See Frostman [2, p. 86)], and the various references quoted there.)
It follows that if a set E is of a-capacity zero, any closed subset of E has a
Hausdorff dimension of order o+ ¢ equal to zero.

We shall consider continuous functions f(x) of period 2w (f(27)=f(0))
satisfying a Lipschitz condition and we say that f(x) belongs to Lip «

O<a=1)if .
| f(x + ) — f(x)| = O(| k%)

uniformly in x as /—0. We shall say, following a notation already used (see
Zygmund [7]), that f belongs to hp aif |f(x+h)—f(x)| —o(| h|=).

Let ao/2 +El (an cos nx+b, sin nx) be the Fourier series of a continuous
function f(x) of bounded variation and of period 2. It is clear that such a
function can not be monotonic in (0, 27) since f(0) =f(27); but we shall say
that f(x) belongs to the monotonic type if the Fourier-Stieltjes series

d(f + Cx) ~C + Y (nb, cos nx — na, sin nx)
1
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is, for some C, the Fourier-Stieltjes series of a monotonic function; in other
words if there exists a constant C such that f(x)+ Cx is either never decreasing
" or never increasing in (— ©, 4 «).

Finally we shall have to quote various known results which can be found
in Zygmund [8]. Hereafter we shall refer to this book by the initials T.S.

1. A necessary and sufficient condition for a set E to be of positive
a-capacity.

THEOREM 1. The necessary and sufficient condition that a set E be of positive ca-
pacity with respect to the potential function 1/r* (0 <a <1)isthat a positive distri-
bution p exist concentrated on E such that if the Fourier-Stieltjes series of du(x) is
du~1/2m+2 a, cos nx+b, sin nx the series 3 (@, cos nx-+b, sin nx)/n'-=is
the Fourier series of a bounded function. The theorem holds for a=0, the potential
being in this case the logarithmic potential.

Proof. Suppose first that 0 <a <1 and suppose that the a-capacity of E
is positive. Then there exists a positive distribution g,

1 i .
dp~-2—+ Za,. cos nx + b, sin nx,
1

™

concentrated on E and such that the potential

2r du(t
V= f u(?)
0 | est p— rewl
is bounded uniformly in x, as r—1. Hence the integral
o du(
U= f u(2)
° [1 —_ ret(z—t)]a
is also uniformly bounded. If r <1, we have
. a .
[1 — reit=0]e =14 T,ez(z-t) 4+ ...

+a(a+1)“-(a+n—1)

n!

r”e"‘(z-‘) + ce e,

Thus, considering only the real part of U, we see that the function
L]
> r7(a, cos nx + b, sin nx)yn,
1

where

ala+1) - (a+n—1)

nl!

Ya =

is uniformly bounded as r—1. Now it is well known that
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=m0

i @, cos nx + b, sin nx

Hence the function

rﬂ
1 .nl-a
is uniformly bounded as r—1, which proves the necessity of our condition.
To prove that the condition is sufficient we observe first that if it is satis-
fied, then, by the preceding argument, the real part of U is bounded as
r—1—0 for a certain positive distribution u concentrated on E.
Now, if <1, we have for every argument ¢

1 —rei = |1 — rei¢| e,
the argument @ of 1 —re?? being included between —#/2 and +m/2. Hence
R(1 — reit)== = | 1 — rei#|~= cos of,

where cos af is included between the two positive quantities cos ma/2 and 1.
It follows immediately that the boundedness of the real part of U implies the
boundedness of V, which proves that the set is of positive a-capacity. Inciden-
tally we have proved that the boundedness of Y ((a, cos nx+b, sin nx) /n'=%)r»
implies the boundednessof the conjugate series Y ((@nsin nx —b, cos nx) /n1—*)r",
since the boundedness of V involves the boundedness of the imaginary part
of U. This fact will be useful later.

The case ae =0 is much simpler, since for the logarithmic potential we have
the harmonic function

2x 1 2‘l’1 1
log ———— du(¢ =f —lo dul(l
fo 0g|e“—rc"’| w() o 2 g1—21'cos(:x:——t)-l-r2 u)

(=) g

1 n

®_ a, cos nx + b, sin nx
= wz ",
1

n

This completes the proof of the theorem.

COROLLARY. If the set E is of positive a-capacity (0 <a<1) it is possible to
find a positive distribution u, concenirated on E, such that the function u(x) be-
longs to Lip a.

For, by the argument of the preceding theorem and considering also the
imaginary partof U, we see that both the series S=) *(a. cos nx +b, sin nx) /nl—¢
and its conjugate T are Fourier series of bounded functions; hence, by a well



1946] CAPACITY OF SETS AND FOURIER SERIES 217

known theorem (see T.S. p. 225), the fractional integral of order o of S+4¢T
belongs to Lip a. In particular, the function

® @, sin nx — b, cos nx

P>

1 n

representing u(x) —x/2w +const. belongs to Lip e, which proves our corollary.
It will be shown later on that the existence of a positive distribution g,
concentrated on E and such that u(x) belongs to Lip «, is not sufficient for the
set E to be of positive a-capacity.
2. Theorems on the convergence of Fourier series.

THEOREM I1. Let ao/2+2 +(an cos nx+b, sin nx) be a Fourier series (S)
such that 3 _n*(an2+b.2) <o, 0<a<l. Then the set E of the points of di-
vergence of S is of (1—a)-capacity zero. The theorem holds for ao=1, it being
understood that in this case the logarithmic capacity of E is zero,

The proof will be based on the following lemma.

LEMMA. Let H(x) =+ cos kx/k8, 0<B<1, and H,(x)=_1 cos kx/k-.
Then IH,,(x)| <AH(x)+B, A and B being positive constants depending on 3
only. (If x =0, the second member of the inequality is to be interpreted as + «.)

Suppose, as we may, that 0 <x=<w. We observe first that if n=<1/x, we
have

1
| Ha(2)| < ; = = 0w = 0(#).

Supposing now that #>1/x, we have

[z cos kx " cos kx
H,(2) = D, + X =81+ Sy,
1 kA =z K

say. Now, as before, S;=0(xf"1). On the other hand, if we apply Abel’s
transformation,

n—1 1 1 1
R e

where Tx(x) =Zf, /g €os vx=0(1/x). Hence
1 1 1
s <w0(2)+ L o(2) - 0w,
x n? x
and thus we see that for 0 Sx <w

| Hu(2) | < Co1,
C depending on 8 only. But it is well known that 1/24 H(x) is a positive func-
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tion, and that as x—0 it is asymptotically equal to lx| f-1sin (#B/2)T'(1 —PB)
(see T.S. pp. 109 and 129). Hence for all x we may write IH (x)l <AH(x)
+B, A and B being positive constants depending on 8 only, which proves
our lemma.

Now, to prove our theorem let us suppose first that 0 <a <1, and let
us assume that E is of positive (1 —a)-capacity. Then by Theorem I we can
find a positive distribution u, concentrated on E, such that, if du~1/2m
+2 Py, cos nx+B, sin nx, the series Y (a, cos nx 4B, sin nx) /n=is the Fourier
series of a bounded function.

Let w(n) be a positive monotonic function increasing infinitely with # and
such that > n%w(n)(a.2+b.2) < . Let 4, -—a,.(w(n))”’B —b,.(w(n))”2 Then
in the set E the partial sums S.(x) of the series D_1°4., cos nx+B, sin nx are
unbounded (for their boundedness at a point x would imply the convergence
of (S) at x). Thus, if #(x) denotes a positive integer and measurable function
of x, with n(x) <#, the integral |, :' Sn(z (x)du can be made to increase infinitely
in absolute value with #, for a suitable choice of n(x) for each #. (The argu-
ment is an adaptation of a well known idea due to Kolmogoroff-Seliverstoff
and Plessner; see T.S. p. 253. The difference is that here we use a Stieltjes
integral instead of the mtegral f " Sz (%)dx.)

We shall show that f Sn(x)du is bounded, thus getting a contradiction
which will prove our theorem.

In fact, since Zn"(A 22+ B,?) < », the series Zf (4 cos nx+ B, sin nx)ne/?
is the Fourier series of a function FEL? We have

1 f’" F(#) cos k(t — x)

Ay cos kx + By sin kx = — o dt.

Hence, putting G,(x) =_= cos kx/k?/?, we have

n(z)

1
Sz (%) = Z Ay cos kx + By sin kx = — F(t)G,.(,)(t — x)dt.
wJo

Thus
27 1 27 2r
I= Sao(#)du(x) =— | F@dt | Gan(t — x)du(x),
0 T 0 vV 0
and so, by Schwarz’s inequality,
27 27 27
e < [ roa a7 [ ewnt = 2 - Do,

0

Now
2r

Gyt — 2)Gr)(t — ¥)dt = wHo(z,0(2 — ),
0
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where H,(x)=2_" cos kx/k* and n(x, ¥) =min [#(x), n(y)]. Thus, putting
A= f:' F2(t)dt, we have

wl? < AL Y L 'I Hn(z,v)(x - y) l dl"'(x)dﬂ(y)
<4 f ) f U] Hucoz = )| + | Haco(z = 3)| Jdu(2)duty)
=24 fo ) fo fI Haoy(x — 9) | du(2)du(y)

— 24 fo " du(y) fo | Bz — )| du(a).

Now, using the lemma proved above, and putting H(x) =Y 1 cos kx/ke, we
have

2 2%
[ 18 = 9wt s 4 [ B = p)auta) + B,
0 0

A, and B being positive constants. By a well known theorem, the Fourier
series of 71 f:'H (x—9y)du(x) is O_i*(an cos ny+B, sin ny)/n=, which by our
assumption is the Fourier series of a bounded function. Hence, for almost

all y, |
— H(x — y)du(x) < M,

w™Yo

M being a constant. Thus, for almost all y,
2r
f | Ho(x — 9) | du(x) < A:M= + B.
0

But the left-hand side here is continuous in y. Hence this inequality holds for
all v, which proves the boundedness of the integral I, and hence our theorem.

The proof for the case =1 follows exactly the same line, but is simpler,
since we do not need to use the lemma. We observe only that the coefficients of
H(x)=Y_ cos kx/k are O(1/k), and since H(x)> —1/2, H,(x) is uniformly
bounded below, so that it suffices to prove that

2x

H.(x — y)du(x) = ri (a cos ny + B, sin ny)/n
1

is bounded. But this is a partia] sum of the Fourier series of a function as-
sumed to be bounded, and with coefficients O(1/7). Hence the result follows.

3. Theorems on equi-summability and equi-convergence of certain series
and integrals.
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THEOREM I11. Let ao/2+2 1 (an cos nx-+b, sin nx) be the Fourier series of a
continuous function f(x) of period 2w, and belonging to lip o, where 0 <a<1.
Then the difference

__—:r_I‘(a—l- 1) cos%‘—fl:ﬂx_}—t)—f(x_t) dt

tl+a

- E (@n sin nx — b, cos nx)nrt
1
tends to zero uniformly in x, as r—1—0.
If f belongs to Lip «, the above difference is bounded, uniformly in x.

The reader will notice the analogy between this theorem and the classical
theorem on the equi-summability of the conjugate series of a Fourier series
and of the corresponding integral (see T.S. p. 54).

We need the following two lemmas: the first one is an obvious adaptation .
of the well known theorem of S. Bernstein on the order of approximation by
Fejér’'s polynomials; the second one is due to Hardy and Littlewood. Both
proofs being very short, we give them here for the sake of completeness.

LemMA. 1. If g(x) is of period 2w and belongs to Lip @ (0<a<1),
g(x)~ao/24+D o, coOs nx+B, sin nx, and g(r, x) denotes the corresponding har-
monic function g(r, x) =ae/2+ (@ cos nx+B, sin nx)rr, then g(r, x) —g(x)
=0(1—r)=as r—1—0, uniformly in x.

Proof. Denote, as usual, by P,(¢) Poisson’s kernel (1 —72)/2(1 —2r cost+-r?).
Since P.(t) <1/(1 —r) and P,(t) <(1 —r)/4r sin?t/2, we have

x| g 2) — g(2)] = f e+ + gx — i) — 2g<x)]P,<t>dt|

1—r *
< 1 f ot + =1 [ o@-yar
1—7r 0

1—r
=01 — 1=,
Obviously, if g(x) belongs to lip «, then g(r, x) —g(x) =o(1 —r)=.

LEMMA 2. Let g(x) and g(r, x) have the same meaning as in Lemma 1. Then
0g(r, x)/0x=0(1 —r)e-1,

Proof. We have

ag(r, x)
dox

where P/ (¢) denotes the derivative of Poisson’s kernel with respect to £. We
have P/ (t) = — (1 —#?)r sin t/(1 — 27 cos t+r?)? and thus

-1 f le(e + 9 — gz — D]P! ()
wJdo
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, t 21 — )t
|P,(t)|<(1_r)', | P2()] < m
Hence
%8(r, =) l—rO(t”“)dt + =0 [ owni = ot - e
dx (1 — f')s 1-r )

Here again, if g(x) belongs to lip «, then dg(r, x)/0x =0(1 —r)*~1,
We can now prove our theorem. Let

g =flx+18) — flx— ) ~— i 2 sin nt[a,. sin nx — b, cos nx]
1

and

g(r, ) = — 3 2 sin nt[a, sin nx — b, cos nx]rn.
1

For, given x and r (»<1), the series

g(r t) *. sin nt
’ Z [a,. sin nx — b, cos nx]r»
1

tl+a

is uniformly convergent in ¢ for £> ¢>0. Hence we can integrate term by term
in the interval (¢, T'). Observing that
© sin nt C
f dt| < —
T tl+a Ta

¢ sin nt
f dt
0 tl+a

C depending on « only, we deduce immediately that

< Cne—,

© g(r, i . ® sin nt
f 8 )dt = — 2 (a,sin nx — b, cos nx)r"f dt
o ftte 1 o e
Now
® sin nt ® sin x ne [*° cos x
f dt = n"‘f dx = — dx
0 tl+¢x 0 x1+a o 0 z°
ne o new
=—sin—T{1 —a) = .
a 2 2 cos (wa/2)T (e + 1)
Hence

L]
= Y (@ sin nx — b, cos nx)norn
1

1 0
——-cosﬂr‘(a-{—l)f 8
T 2 0

and to prove our theorem it is sufficient to show that

gl ("0

D=
e 1—r {ite
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is o(1) if g€lip &, and O(1) if g€Lip e, as r—1—0, uniformly in x. Suppose
gELip a (the proof is identical in the other case). Write

po [THDs0, (T,

1—r tl+¢ ° tl+a
By Lemma 1, we have, uniformly in x and ¢,

| g(r, ) — g(&)| = 01 — r)e,

and thus the first integral is O(1). For the second integral we note that, since
g(r, 0)=0, we have

g(r, (ag(" ) . ©<0<?

and thus, by Lemma 2, lg(r, t)l =t0(1 —r)="! so that the second integral is

0[(1 — a-lfo’“' ‘:‘] o).

This completes the proof of the theorem.
The following theorem is analogous to Theorem III and can be proved by
an almost identical argument.

THEOREM IV. The function f having the same meaning as in Theorem III,
the difference

© f(x + ) + f(x — O — 2f(x) i

1 war .
Ty fet =

1-r
- i (@, cos nx + b, sin nx)rn
1
tends to zero uniformly in x as r—1—0 if fElip a, and is uniformly bounded
if fELip a.
We write, f(r, x) being the harmonic function corresponding to f(x),
Gl) = fla+ 8) + f(z — §) — 2(),
Glr t) = f(r, &+ ) + f(r, x — 0) — 2f(r, %)

= — 42 sm’( I) (an cos nx + b, sin nx)rn,

and we observe that

© sin? (nt/2) n\* (* sin? x 1 /n\* ® sin2x
f —dt = ——) f dx = —{ — f dx
0 gite 2 0 xlte a \2 0 x*

ne o 1"(1 ) ner
= — cos — —a) = .
2 0 2 = Ysin (ra/)T(a + 1)
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As before, we have to prove that

® G(r, ) —G(¥) i+ fl—r G(r, ?) i
[

tl+a tl+a

A=

1—-r
is bounded uniformly, if GELip «. This is done again by observing that
|G(r, ) — G| = 01 = n)e,

and that
aG(r, t)

ot

G(r, t) = t( > = 0(1 — r)e? 0<o<i).
t==f
Theorems III and IV concern Poisson’s summability. If we assume more
about the function f, we obtain corresponding theorems on equi-convergence
of series and integrals.

THEOREM V. Let f(x) =ao/2+2 1" (an cos nx+b, sin nx) be a continuous
periodic function belonging to lip o (0 <a<1), of bounded variation, and of
monotonic type. Then the difference

ma ° flx419) — fle—1) i

tita

1
— —T(a+ 1) cos
™ 1/n

— D (ax sin kx — by cos kx)ke
1
tends to zero uniformly in x as n— .
If fELip a, the difference is uniformly bounded.

We base our proof on the following two lemmas whose proof appears else-
where (see Salem and Zygmund [7]).

LeEMMA 1. If the continuous function f(x) of period 2w belongs to Lip o
(0 <a<1) and is of monotonic type, then

| Sa(®) — f(2)| = O(n~e),

sa(x) being the partial sum of order n of the Fourier series of f(x). If fElip o,
then s,—f=o0(n"°).

LEMMA 2. If s.(x) is the partial sum of order n of the Fourier series of f(x)
and if s.(x) —f(x) =0(n—2), 0<a <1, uniformly in x, then the derivative s, (x)
is O(n'~=) uniformly in x. If s,—f=o0(n"), then s, =o(n'~*).

We can now prove our theorem. As in Theorem III, let

g =flx+t) —flx—t) = — i 2 sin nt[a, sin nx — b, cos nx],
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and let
sa(f) = — D 2 sin kt[ay sin kx — b cos kx).
1

We have, as in Theorem III,

1 n
- — cos—— T'(a + l)f = Y (ax sin kx — b, cos kx)ke
0 1

tl+
and thus we have to prove that
£y Sn 1 © t
D= @ . £0)
o tH"' 1/n fite

is O(1) if fELip e, and o(1) if fE€Ilip a. The proof being the same in both
cases, we assume that fELip a.
Write

® sa(f) — g(t) n S,.(t)
D = 1Un t1+a +f 1+a

By Lemma 1, s, —g is O(n~) uniformly in x and ¢, and thus the first integral is

_a ® dt _
O(n f1 i z1+«> - 0(1).

For the second integral, we note that s,(t) =s,.(t) —s.(0) =ts4 (0), 0 <0 <¢, and
thus, by Lemma 2, s,(¢) =0(n'~%). Hence the second integral is

O[n‘““ fo " ‘:ff] = 0(1),

which completes the proof of the theorem.
Theorem IV has also its corresponding equi-convergence theorem, under
the same assumptions as stated in Theorem V.

THEOREM V1. The function f(x) being of period 2w, continuous, of bounded
variation, and of monotonic type, the difference

© fla+ 8+ flx =0 — 2/() i

tl+a

1 | 7a
— —sin—T(a+ 1)
™ 2 1/n

— 3 (ax cos kx + by sin kx)k*
1
tends to zero uniformly in x as n— o if fElip a, and is uniformly bounded if
fE€ELipa.

The argument is essentially the same as in Theorem V, and we need only
sketch it. Writing
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o kit .

GO =flx+8)+ f(x— 8 — 2f(x) = — 42 sin’—z— (ax cos kx + b; sin kx),
1

n kt
sa(t) = — 4, sinz—z— (e cos kx + by sin kx),
1,

we have, as in Theorem IV,

© s,.(t)

1 n
— — sin — I‘(a + l)f = Y (ar cos kx + by sin kx) k=
1

and thus it remains to prove that

* 500 GO, _ (THO=CO (a0
A= fo it — it = fl 20 720 f

fltea 1n e In e 0 tl+a

is uniformly bounded if fELip a. The proof, based on the two lemmas for-
mulated above, is the same as in Theorem V.

COROLLARY. Suppose that df ~ao/2+2(an cos nx-+b, sin nx) is the Fou-
rier-Stieltjes series of a nondecreasing function, such that the Fourier series
> (an cos nx+b, sin nx)/ni= represents a bounded function (0 <a<1). Then
the partial sums of both series

® @, cos nx + b, sin nx z“’: @, sin nx — b, cos nx

) 2 ; (T)

1 nl—a 1 nl—a

are uniformly bounded.

In faét, the argument of Theorem I shows immediately that our hypothe-
sis implies the boundedness of both functions S and T and by the argument
of the Corollary of Theorem I we see that both functions

® @, sin nx — b, cos nx ao 2 @, Cos nx + b, sin nx
> =f——=« and X
1 n 2 1 n

belong to Lip . Hence, Theorems III and IV prove that the corresponding
integrals are uniformly bounded. Then, applying Theorems V and VI, we see
that both series S and T have their partial sums uniformly bounded.

In particular, by Theorem I, our corollary is true if df is a positive dis-
tribution concentrated over a set E of positive a-capacity, such that its po-
tential with respect to 1/r= is bounded.

4. Theorems on the existence of certain integrals of the Dini type.

THEOREM VII. Let F(x) be continuous and nondecreasing in (0, 2rw)
and belonging to L1p a(?) (0<a<1). Then the points x at which the integral

() As usual (see T.S. p. 8), we define F(x) everywhere by the condition F(x+21r) —F(x)
= F(2x) — F(0).
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J : ((F(x+4-t) — F(x —t))/t\"t=)dt is infinite form a set of a-capacity zero.
The theorem holds for a =0, the integral being in this case finite except in a
set of logarithmic capacity zero.

Suppose first that 0 <a<1. Let dF~ao/2+2 a, cos nx+b, sin nx. By
Theorem III applied to the periodic function F(x)—(ao/2)x, it is suffi-
cient to prove that the points x at which the function F,.(r, x)
=>_((@n cos nx+b, sin nx)/n~=)r* is unbounded as r—1—0 form a set of
a-capacity zero. This is an immediate consequence of our Theorem I and of a
well known result in potential theory (see Frostman [2, pp. 81-82], de la Vallée
Poussir [3, p. 21]) but the direct proof is so simple that we may give it here.
Let E be the set at which F,.(7, x) is unbounded (hence at which lim, .1 F.(r, x)
= 4 »), and suppose that the a-capacity of E is positive. Then by Theorem I
there exists a positive distribution du~1/2r+>(ctn cos nx -+, sin nx) con-
centrated on E, such that u.(r, %)= ((an cos nx+B, sin nx)/nl==)r" is
bounded as r—1. Henc. the integral f ua(r, x)dF is bounded as r—1. But
this integral is equal to f F,(r, x)du which tends to + « as r—1 since the
distribution du is concentrated on E and F,(r, x)—+ « in E. Hence the con-
tradiction, which proves the theorem.

For a=0 the proof is identical, except that instead of our Theorem III
we use the classical result (see T.S. p. 54)

1 *Flx+1¢t — F(a— ¢ . @, cos nx + b, sin nx
w 1—r 14 1 n

r—1—0.

Of course, F(x) being nondecreasing, the existence of the integral
fo'((F (x+1t) — F(x—t))/t*+=)dt implies the existence of the integrals

fr F(x+ ) — F(x) i, fr F(x) — F(x — ) it
0 0

tl+a tl+a

and so the existence of

f" F(x+t) + F(x — t) — 2F(x) i
0

tl+a

as an absolutely convergent integral, outside a set of a-capacity 0.
It is a curious fact that each of the integrals:

P CAL T CLL YN G G2 T bt CRT
0 e 0 fite
[NfCLESCRIELCY
@ L [EELELCRTECW
tl+¢
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may exist at some points even if we omit the condition that f is nondecreasing.

THEOREM VIII. Suppose that f is of period 2w and of the class lip a
(0 <a<1). Then the integral (1) exists in a set of points which is of the power of
the continuum in every interval, though it may be of measure 0. A similar result
holds for the integral (2).

Proof. Without loss of generality we may assume that the constant term
of the Fourier series of f is 0, so that

3 flx) ~ i (an cos nx + b, sin nx).

We recall the following definition. A continuous function F(x) is said to
be smooth, if

@ limF(x+ h)+F(x—h)f2F(x) ~ 0

n—0 )]

for each x. If (4) holds uniformly in x, the function F will be called uniformly
smooth.

It is known (see Zygmund [7]) that, if the function (3) is of the class
lipa, 0<a<]1, its (1 —a) integral

Sf1-a(x) ~ g{an cos [nx —(1—-a %]

©)
+ ba sin [nx —(-a %]} -

is uniformly smooth. The same may be said of the function

Fiala) ~ f:{a,. sin [nx —(1-a) %]

n=1
™
— b, cos [nx —(1—-a ?]} ne-t

since the function conjugate to a uniformly smooth function retains this prop-
erty (loc. cit.).
It follows that the functions

(6

g(x) ~ Y (@, cos nx + b, sin nx)n=1,
n=1

™

g(x) ~ X (a, sin nx — b, cos nx)ne-1

n=l

which are linear combinations of (5) and (6) are uniformly smooth.
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On the other hand it is also known (loc. cit.) that if F(x) is smooth (it
need not be uniformly smooth) it has a finite derivative in a set E=Ep of
points which is of the power of the continuum in every interval. Let g(r, x) be
the Poisson integral of g(x). By the theorem of Fatou, lim,.1dg(r, x)/9x exists
at every point xEE,. In virtue of Theorem III, the integral (1) exists for
xEE,. Similarly, using Theorem IV, we prove that (2) exists for x EE;.

In order to show that the set of points at which, for example, the integral
(1) converges mdy be of measure 0, let us consider the function

(8 flx) = i 8,277 sin 2"x

n=1

where, temporarily, {38,} is any sequence of numbers tending to 0. It is easy
to see that f(x) Elip « (see for example Zygmund [7]). Furthermore if e=2-%

» t) — -1 had ® sin 27
f fatt - = ) dt = 2 Z 0,272 cOs 2"xf s dt
) € €

tl+a oy t1+a

(9 N ©
= 2+ 2 =Ax+ By,

n=1 n=N+1

say. Obviously the terms of By are 0(8,2-"*2¥2), so that

By = o(ZN“ > 2—»«) = o(1).

n=N+41

If n=< N, then

2

© 2n—N
2-na f t~1=a gin 2%dt = C — f =2 sin ¢dt = C — O(2(»—N)(1—a))
0
where C= [, t-=«sin td¢ is a constant different from 0. Thus

N N N
Ay = 2CY 8, cos 2mx 4+ Y o(2(=M)(=®) = 2C " §, cos 27z + o(1).
ne=1 n=1 n=1
It follows that, if ¢e=2"%, the left-hand side of (9) differs by o(1) from the
sum 2CD_Y3, cos 27x. It is however well known that the latter sum is un-
bounded for almost every x if Y _8,2= o (T.S. p. 120). Thus for the function
(8) the integral (1) diverges almost everywhere if only §,—0, D 8,2= o.
The same function f will make integral (2) divergent almost everywhere.
Remarks. (i) The foregoing proof does not show whether (under the as-
sumptions of Theorem VIII) there is at least one point at which (1) and (2)
would exist simultaneously. The problem of the existence of such points re-
mains open.
(ii) The conclusions of Theorem VIII remain valid if we assume only that
flx+8)—f(x) =o(| t[“) as t—0, but not necessarily uniformly in x (so that f
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need not belong to lip ). For under the new assumption the function fi_, is
still smooth (though not uniformly smooth), as shown in Zygmund [1]. The
same argument also shows that fi_, is smooth. The rest of the argument is
unchanged.

Determination of the a-capacity of a symmetrical perfect set of the Cantor type.
The results which we indicate in this last paragraph are not essentially
new, but we think that the methods used to prove them present a certain
interest.

Let the points of a symmetrical perfect set P of the Cantor type con-
structed on (0, 27) be given by

=2rfa(l — &) +ebi(1 — &)+« +edrr - a1l — &) + -+ - ],

the & (0 <£:<1/2) being the successive ratios of dissection of the intervals
(in three parts proportional to &, 1 —2&, &) and the e being 0 or 1. Let

Fx) =e/2+ /224 -+ - + /2% + - - -

be the values of the classical Lebesgue function constructed on P, when x
belongs to P, F(x) being constant in each interval contiguous to P. F(x) is
continuous, monotonic nondecreasing.

It is easily seen (see, for example, Salem [9, p. 24]) that, wo(8) being an
increasing function of >0 such that

wo(21r£1 e Ek) = 41/2",

F(x) has a modulus of continuity not greater than wy(8).
We shall write
Ty = 27l'£1 LR Eb—l(l - Ek)

It is easily seen that the condition £, <1/2 implies 71> 741.

Let us now suppose that the a-capacity of P is positive. Then the a-Haus-
dorff measure of P is also positive. This result is well known (see Frostman
[2, p. 89]) but we can see it here as a consequence of our preceding theorems.
For, by the corollary of Theorem I, there exists a positive distribution u con-
centrated on P and such that u(x) ELip «; and from this follows easily that
the a-Hausdorff measure of P is positive. Hence we have

lim inf 2¥(27¢; - - - g)e=H > 0

as k—« and this, as we have said before, proves also that the modulus of
continuity w(8) of our function F is 0(6%). Hence F(x) ELip ¢, if a-capacity
P)>0.

Let now x € P and consider the integral [, : ((F(x+t)— F(x—1t))/t**2)d¢ (the
function being extended outside (0, 27) as in Theorem VII). Suppose that
rr <t <ry-1 and observe that, for a given x:
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Ifex =0, then F(x+ 1) —F(x— &) > F(x+ 8§ — F(x)
> Fx + r) — F(x) = 1/2%,

@ Ifez =1, then F(x+ ¢ — F(x —t) > F(x) — F(x — ?)
= F(x) — F(x — 1) = 1/2%,

¢))

Hence in all cases

=y ) — F(x — ¢ 1 1 dt 111 1
f*-(x+) (= )dt> = [ ]

. fi+a 2k W Bt T a2klre el

Hence, by application of Theorems I and III, if the a-capacity of P is posi-
tive, the series Y s, [1/7:2—1/7x_1*](1/2%) converges, and it is seen immedi-
ately that this implies the convergence of the series ) 1/2¢r,e. Hence we have
proved that if the set P is of positive a-capacity the series

D —
. T 2%(&1 - &R
is convergent.
Now we shall prove the converse, namely that the convergence of the last

series implies that the set P is of positive a-capacity.
In fact, the convergence of the series implies first that

lim inf 282wty - - - &) = H > 0,

so that the function F(x) belongs to Lip a. If w(8) denotes the modulus of
continuity of F(x), we have

1 1 1 1
a= T ——e(t)s T —w()
1rpo1Sn<t/r, BT n 1rgasa<t/ry B¢ n

where wo(d) is the above described function such that wo(rx) =4/2*. Hence

1 1 1
Ok < A - E = O( ).
2k 1/rg—1Sn<l/rg nl=e 2"1',;'

Hence ) 04 < =, that s, > #(1/n*-*)w(1/n) < « : this implies the convergence
of the integral [ ,(w(f)/t*2)dt, that is to say the uniform convergence of
J, ((F(x+t)— F(x—¢))/#*+=)dt; and since FELip a, the Theorems III and I
prove that the set P is of positive a-capacity.

Hence the necessary and sufficient condition for the symmetrical perfect
set P of the Cantor type to be of positive a-capacity is the convergence of
the series D 1°27*%(& - - - £)~% (0 <a<1). This result has already been ob-
tained, in the particular case £ = const., by Pélya and Szegd, in a quite differ-
ent way. See their paper on transfinite diameter (Pélya and Szegé [5]) and
the result of von Neumann quoted there.

I\
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This proves our former assertion that the existence of a positive distribu-
tion u concentrated on a set E, and such that u(x) ELip ¢, is not sufficient in
order that a-capacity (E)>0. For take a set P such that 2¥(; - - - &)e~1
as k— . F(x) is a distribution concentrated on P, and F(x) €ELip «. But our
series is divergent, and thus the a-capacity of P is zero.

The same argument as above would prove (even in a simpler way since
here we need not investigate the modulus of continuity of F) that the neces-
sary and sufficient condition for P to be of positive logarithmic capacity is
the convergence of the series D _1°(1/2%) log (1/£). This last result is obtain-
able by different methods (see R. Nevanlinna [4, p. 149]).

Finally, we observe that our argument gives also the a-capacity or
the logarithmic capacity of symmetrical perfect sets of order d (see
Salem [9, pp. 23-24]). Such a set is of a-positive capacity if and only if
D 2(d4+1)"*(& - - - &)< =, and of positive logarithmic capacity if and only
if >_°(d41)~* log (1/&) < ». The proofs may be left to the reader.
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